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Chebyshev Spectral Projection Methods
for Fredholm Integral Equations of the
Second Kind

Bijaya Laxmi Panigrahi and Jitendra Kumar Malik

Abstract In this paper, we will propose the Chebyshev spectral Galerkin and col-
location methods for the Fredholm integral equations (fies) of the second kind with
smooth kernel and its associated eigenvalue problem (evps). The convergence rates
of approximated solutions, iterated solutions with exact solution in L2

ω norm have
been investigated. We will evaluate the errors between exact eigen-elements and
approximated eigen-elements both in L2

ω and L∞
ω norms. We will show that eigen-

values and iterated eigenvectors have super-convergence rate in Chebyshev spectral
Galerkin methods.

Keywords Fredholm integral equations · Eigenvalue problems · Compact integral
operator · Chebyshev polynomials

1 Introduction

Let ω be a non negative, continuous and integrable real valued function on [−1, 1].
Then the weighted space X = L2

ω[−1, 1] is defined by

L2
ω[−1, 1] = {u|u : [−1, 1] → R and ‖u‖L2

ω
< ∞}

where

‖u‖L2
ω

=
( ∫

Ω

|u(t)|2 w(t) dt
) 1

2
.

Let T be an integral operator defined on X by
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5.1 � Geochemistry of Chromium

Trivalent (Cr(III)) and hexavalent (Cr(VI)) forms of chromium 
(Cr) are the most stable form available in nature (Xia et al., 
2019), although chromium varies from −2 to +6 valence state 
due to vacant d-orbital (Fendorf, 1995; Richard and Bourg, 
1991). Intermediate redox reaction of chromium produces 
unstable Cr(IV) and Cr(V) (Wrobel et al., 2015). Speciation of 
chromium dictates the mobility, bioavailability and toxicity of 
chromium in the soil-plant system (Kožuh et al., 2000). Cr(III) 
acts as a glucose tolerance factor inside the human body which 
is required for proper functioning of insulin; on the contrary, 
Cr(VI) attracted the attention of scientists around the globe as 
a dangerous carcinogen. Anderson (1997) provided a detailed 
insight into the carcinogenic properties of Cr(VI). Danish  
et al. (2019) explained non-biological role of chromium in 
plant, which makes Cr a potentially toxic material.

Geochemistry of chromium is mostly governed by redox 
transformation mechanism, adsorption/desorption and pre-
cipitation/dissolution processes (Rai et al., 1989). Availability 
of redox couples can initiate the redox reaction in favourable 
pH conditions in soil. Hydrogen peroxide (H2O2), Fe(III) oxy-
hydroxide, Mn-oxides, dissolved oxygen and gaseous oxygen 
act as a probable electron donor for the oxidation of Cr(III) 
(Fantoni et al., 2002; Schroeder and Lee, 1975). There are 
uncertain evidences on the role of Fe(III) oxyhydroxide in the 
oxidation of Cr(III), which needs more in-depth investigation. 
Hydrogen peroxide oxidizes the Cr(III) at a very fast rate, as it 
is a strong oxidant (Pettine and Millero, 1990). Ball and Izbicki 
(2004) correlated high Cr(VI) concentration in groundwater of 
the western Mojave Desert, California with high concentration 

of dissolved oxygen. On the contrary, oxidation of Cr(III) to 
Cr(VI) by dissolved oxygen is a very slow process (Cranston 
and Murray, 1978). Mn oxide plays a crucial role in the oxida-
tion of Cr(III) (Bartlett and James, 1979; Fendorf and Zasoski, 
1992). In oxidizing condition of soil environment hexavalent 
chromium gets mobilized as CrO4

2− and Mn(IV) get precipi-
tated as MnO2; but in reducing condition, trivalent chromium 
gets precipitated as Cr(OH)3 and Mn gets mobilized as Mn2+. 
Thus Mn and Cr demonstrate an inverse relationship in the 
context of solubility pattern in soil environment (Bartlett and 
James, 1979). Eary and Rai (1987) identified that oxidation of 
Cr(III) can take place on the surface of β-MnO2 mineral within 
the pH range of 3–10.1; in addition to that, δ-MnO2 (birnes-
site) and α-MnO2 (cryptomelane) can also provide high sur-
face energy for the oxidation of Cr(III). Trivalent chromium 
is found attached to the mineral surface which gets oxidized 
in the presence of Mn and gets converted to hexavalent form. 
During this process desorption of Cr(VI) and precipitation of 
Mn takes place (Schroeder and Lee, 1975). Richard and Bourg 
(1991) found traces of Mn mineral precipitated at site of oxida-
tion of Cr(III) on mineral surface. Amacher and Baker (1979) 
explained the process of oxidation of Cr(III) by Mn through 
the following equation:

	 Cr 1.5 MnO (s) H O(l) HCrO 1.5Mn H3
2 2 4

2+ δ + = + ++ − + +

Cr(OH) 3 -MnO (s) 2H O(l) HCrO 3MnOOH(s) 2H2 2 2 4
++ β + = + ++ −

Hexavalent chromium gets reduced to trivalent chromium in 
the presence of various reducing agents like hydrogen sulphide 
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Abstract

Parameter variations adversely affect the performance of the system. Many systems are modeled as interval

systems due to the ability to handle uncertainty. In this article, the Doha water treatment plant is modeled as

an interval system. Interval modeling of desalination plant plays an important role which focuses on the

construction of transfer function. Uncertainty is considered in all coefficients of the transfer function of the

system for getting the interval model of the Doha water treatment plant. Further, the obtained interval

models are analyzed for stability. Time domain response analysis of these parameters helps in designing and

plotting control for the Doha plant.
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I. Introduction
Queue or waiting lines are a common phenomenon in getting healthcare facilities such as OPD,
pathology, dentists and in various health facilities. In the developing countries the increasing
demand of healthcare services makes the patients to wait in queue to get services. In order to get
good service facilities there is a need of sufficient resources to be allocated to avoid long waiting
queue. There will be a trade off between the QoS and the optimal use of resources for the health
facility. When the patients come to get health facilities they wait in a queue until their turn to come.
Sometimes when a patient comes and observes there is a long queue and not to join the queue
called patient balking, but if the patient joins the queue and after some time because of the long
wait or due to the dissatisfaction of the healthcare services may leave is called patient reneging.
This process is shown in fig 1.
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T 

Chapter 
New Light on a Lesser-Known Odia Palm 
leaf Manuscript on 
Santosh Kumar Mallik' 

K�na-sktra 

he main aim of this essay is to see how translation intercedes in the emplacement of Cuitures. For my purpose, I shall take up an illustrated poetical composition of unknown/ unpublished palm-leaf manuscript! called 'Chau_ha�hi-Rati Bandha' by the Odia poet Gopala Bhanja, generally acknowledged as one of the mnakers of medieval Odia literature. I shall endeavor to explain that Gopala Bhanja's long illustrated-poem was pattemed after composition OI Vatsy�yana's Kâma-sütra, and some relevant later works of other vernacular K�ma-sktras. However, my curiosity is not so much with retracing conventions of similarities and differences between the twO texts so as to agrec on the question of what George Steiner pertinently calls "fidelity' and 'betrayal'- the traditional objectËve of translation study. Instead, I shall treat the translated text 'Chau_ha�hi-Rati Bandha' as a free and independent interpretation. I shall effort to confirm that Gopala Bhanja's translations/adaptations like Chau_ha�hi-Rati Bandha s regularized by a set of erotica theme and factors like erotica-literature. In unambiguous stipulations, I hope to demonstrate that Gopala Bhanja in 'Chaushathi-Rati Bandha s was not very hampered by the need to evoke the classical Indian heritage or to attempt poetical innovations through the use of Kamasutra of Vastyana's sources. As a medieval poet working in a specific erotica matrix, Gopala Bhanja, I argue, was engaged in the formation of a regional cultural identity through the subjects of ancient legacy, those are depicted in the temple art of Odisha in every nook and cormer as well 
in Riti- Yug+ya poetical composition 

To investigate the subject matter comprehenstvely we have to explore the available sources of paim-leaf records for the translation and transcrnption of the specific manuscript or colophon. In the context of Odisha and its palm-leaf tradition is very old age phenomenon; subsequently far the earliest evidence of a palm-leaf manuscript dates to CE 795, when the Chinese emperor Te-Tsang received as a token of homage an autographed manuseript of Avatamsakasutra addressed to him 
by king Subhakara' of Wu-cha (0disha). Mainly the paper deals with the two part or sections one 

is deals the form, perspective and practice in the palm-leaf manuscript traditions. The second part 
of the paper is concentrated through the translation and critical interpretation. 

AsSistant Professor in History, Gangadhar Meher University, Sambal pur, Odisha. 
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5.0 LEARNING OUTCOMES 

After reading this Unit, you should be able to:  

 Know the meaning and growth of civil service;  

 Explain the various features of civil services in India;  

 Highlight the expanding functions of civil service. 

5.1 INTRODUCTION 

        The term ‘civil services’ covers the large number of permanent officials required to run the 
machinery of government. The core parliamentary government, which we have adopted in India, 
is that the ultimate responsibility for running the administration rests with the elected 
representatives of the people called ministers. These ministers are accountable to the legislature 
which are also elected by the people on the basis of universal adult franchise. Thus, we can say 
that the Ministers are indirectly responsible to the people themselves. But the handful of 
Ministers, however wise and efficient they may be, cannot be expected to deal personally with 
the manifold problems of modern administration. Ministers lay down the policy. It is for the civil 
servants to carry out this policy. The Civil Services holds the most prominent place in the progress 
of the country. A Country's efficiency, democratic value and development widely is adjudged and 
determined by the Administrative Team and Civil Machinery of that Nation. We always in the 
Constitution, with various Statutes and Acts learn about the Independence of Judiciary and 
Doctrine of Separation of Power, which ultimately aims at reducing or eliminating the political 











 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 



 

 

 

 

  

 

 



 

 

 

 

 

 

 

 



 

 

 

 

 

  



 

 

 

 

 

 

 

 

 



 

 

 

 

  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


